
Orthogonality-based classification of diagonal Latin squares of order 10 
 

Eduard Vatutin, Vitaly Titov 
Southwest State University, Kursk, Russia   

Oleg Zaikin, Stepan Kochemazov 
Matrosov Institute for System Dynamics and Control Theory SB RAS,  

Irkutsk, Russia 
Maxim Manzyuk 

BOINC.ru, Moscow, Russia 
Natalia Nikitina 

Institute of Applied Mathematical Research KRC RAS, Petrozavodsk, Russia 
 

The search for pairs of orthogonal diagonal Latin squares (ODLS) is a hard-
combinatorial problem [1]. According to the Euler-Parker approach, a set of diagonal 
transversals is constructed for a given DLS of order N. If a subset of N non-
overlapping transversals is found, then an orthogonal mate for the DLS can be easily 
constructed. According to some estimations, only 1 DLS of order 10 out of 32 mil-
lions has an orthogonal mate. Authors of the volunteer computing project Gera-
sim@home and SAT@home maintain the collection of pairs of ODLS of order 10. It 
contains more than 580 000 canonical forms (isotopy classes) of DLS of order 10 as 
for June 2018.  

DLSs from the collection can be classified by the number of their orthogonal 
mates. According to this classification, about 550 000 of DLSs are bachelor – i.e. 
each of them has exactly one orthogonal mate. About 7 500 of DLSs are line-2 – i.e. 
that each of them has exactly two orthogonal mates. There are also 63 line-3, 283 
fours, 2 fives, 9 sixes, 1 sevens, 7 eights and 1 ten (see Fig. 1). This classification can 
be expanded. 

Figure 1 contains examples of DLSs of order 10 that are part of structures. 
These DLSs were constructed during several computational experiments: random 
search for DLSs with consequent attempt to construct their orthogonal mates; com-
prehensive search for DLSs that are symmetric according to some plane; comprehen-
sive search for general symmetric DLSs; random search for partially symmetric 
DLSs. 

The found combinatorial structures (graphs from DLSs on the orthogonality 
binary relation set) are new and were not published before. Due to their simplicity 
they allow a trivial classification based on a vector of degrees of vertices which is 
sorted in ascending order. In fact, in this case a degree of a vertex is the number of 
ODLS for the chosen DLS. 

 



A

a)

A B

b)

A B C

c)

A

d)

A B

C

D

E

e)

A E

B

C

D

FG

B

DCg)

A FB

D

HI

C E

G

h)

B

C

D

A

E

F

k)

A B C

n)

D

A B C

o)

D E

A B

C D

l)

A

B

C

D

E

F

m)

D

E

C

B

F

A

f)

A

D

E

C

B

F

G H

i)

B

C

D

A F

j)

A

G

H

B

C

E

D

F

p)

A

B

C

D

E

F

G

H

I

J

K

L

q)

A

D

B E

C

F

r)

 
Figure 1. Combinatorial structures based on the orthogonality of DLSs of order 10: a 
– square with no mate (bachelor); b  – line-2; c – line-3; d – triple; e – four; f – five; g 
– six; h – seven; i – eight; j – rhomb-3; k – rhomb-4; l – loop-4; m – fish; n – line-4;  

o – line-5; p – flyer; q – ten; r – cross. 
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